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ABSTRACT  
In this study, numerical investigation is carried out on the laminar convective heat transfer for water based TiO2 

nanoparticle suspensions flow through an oscillating pipe subjected to constant heat flux. The numerical model 

is carried out by applying the two-phase (Eulerian-Lagrangian discrete phase) flow model which is one of the 

accurate methods for the observation of the interaction between the dispersed nanoparticles and the base fluid. 

The Reynolds number and nanoparticles volume fraction are in the ranges of (Re= 500-2000) and (Ø=0.1-0.5 

vol. %). Friction factor and pressure drop along the oscillating pipe are investigated. Also, the thermal 

performance is examined in the terms of average Nusselt number and average heat transfer coefficient. The 

results show the effect of oscillating pipe on the flow parameters and thermal performance. Also, it can be 

observed that there is a significant effect of the nanoparticles on the heat transfer enhancement, taking into the 

consideration the required pumping power. The obtained Average nusselt number  results are compared with 

others from litreture.    
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1. INTRODUCTION 
Heating and cooling of fluid flow inside pipes and channels play an important role in a wide range of industrial 

processes. Actually, forced convection is the most effective and widely used in different heat transfer 

applications include heating and cooling units and heat exchangers under the concept of flow-induced heat 

transfer [1]. Indeed, heat transfer is directly related to fluids thermophysical properties; then, the possibilities of 

increasing the thermal conductivity and enhancing other properties are quit important. In the past years, 

researchers used suspended particles in the micron size after that the advances of manufacturing technologies 

made the production of nanometer scale particles possible. Therefore, researchers and engineers used suspended 

nanoparticles in the base fluids which are named nanoparticle suspensions or so called nanofluids. Nowadays, 

nanofluids take a high level of interest in the thermal applications because conventional coolants such as water 

and oils typically have a weak heat transfer performance. Therefore, using the suspended of nanoparticles in the 

base fluid as a heat transfer medium are very promising [2,3]. Basically, high performance coolants and size 

efficient thermal systems are the main objectives, where the benefits of using lighter/smaller thermal systems are 

reducing the emissions, reduction in coolant supplies, etc. Therefore, it is hopeful that the suspended 

nanoparticles in the base fluid as mixtures and flow passages design will offer a great opportunities for 

development of innovative thermal systems. Also, the enhancement of thermal conductivity and other 

thermophysical properties like viscosity and specific heat is very important, taking into the consideration the 

flow parameters such as particle migration, clustering and nanoparticle stability [4-6].  

The significant enhancement of forced convective heat transfer by using nanofluids has been extensively 

examined in water based CuO nanofluids [7,8], water based Cu nanofluids [9-12], water based TiO2 nanofluids 

[7,11], and water based Al2O3 nanofluids [13,14]. Many experimental and numerical studies in the previous time 

have been carried out to investigate thermal performance in different shape flow passages using conventional 

fluids. O’Brien and Sparrow [15] investigated experimentally the convective heat transfer performance in a 

triangular-corrugated duct, they were found an enhancement in the heat transfer but with a greater pumping 

power needed. Ahmed et al. studied numerically the nanofluid flow and heat transfer in a wavy square cross 

sectional channel, the results show the effect of the wavy wall channel on the flow behaviour and heat transfer 

[16]. Fabbri [17] studied numerical the laminar heat transfer of fluid flow inside composed and corrugated 
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channel using finite element scheme, the results showed that the enhancement in heat transfer increases as 

Prandtl and Reynolds numbers increases. 

In the present study, a numerical investigation is completed on the flow behaviour and convective heat transfer 

properties of nanoparticle suspensions flow inside an oscillating pipe by using Eulerian-Lagrangian discrete 

phase model are considered as shown in fig. (1). the pipe (𝐷ℎ = 0.04 𝑚 𝑎𝑛𝑑 𝐿 = 1 𝑚) is in the case of constant 

heat flux and working fluid is water-based TiO2 nanofluid, the nanoparticles have a diameter of 50 nm. At the 

inlet the temperature of the nanofluid assumed (294 K), the slip velocity (the interaction between the 

nanoparticles and the base fluid molecules) is considered by applying the two-phase flow model. Different 

volume fraction of the nanoparticles in the base fluid is taken (∅ = 0.1 − 0.5 𝑣𝑜𝑙.%), in order to observe the 

influence of those parameters on the flow behaviour and thermal performance.  

           

 

 

 

 

 

2. MATHEMATICAL MODELING 
The governing equations for the Eulerian-Lagrangian discrete phase (two-phase) model are considered. The flow 

assumed incompressible and Newtonian, no chemical reactions, negligible external forces and viscous 

dissipation. The governing equations are expressed as follows [18-20]: 

∇. (𝜌𝑉⃑ ) = 0                                                      (1) 

∇. (𝜌𝑉⃑ 𝑉⃑ ) = −∇𝑃 + ∇. (𝜇∇𝑉⃑ ) + 𝑆𝑚              (2) 

∇. (𝜌𝑉⃑ 𝐶𝑝𝑇) = ∇. (𝑘∇𝑇) + 𝑆𝑒                          (3) 

𝑚𝑝

𝑑𝑉⃑ 𝑝

𝑑𝑡
= 𝐹𝐷                                                   (4) 

𝜌𝐶𝑝𝑝

𝑑𝑇𝑝

𝑑𝑡
=
6ℎ𝑝

𝑑𝑝
(𝑇 − 𝑇𝑝)                            (5) 

Where: (T) is the fluid temperature, (V) is the fluid velocity, (𝑉𝑝) is the particle velocity, (𝑇𝑝) is the particle 

temperature, (ℎ𝑃) is the fluid-particles interaction heat transfer coefficient and (𝑑𝑃) is the nanoparticle diameter. 

Because of the thermophysical properties of the nanofluid strongly depend on the (∅), The effective density (ρnf),  

the effective specific heat at constant pressure (𝐶𝑝𝑛𝑓), the effective thermal conductivity (knf) and the effective 

dynamic viscosity (𝜇𝑛𝑓) of the nanofluids can be defined as following [21-23]: 

Figure 1. Schematic diagram of the geometrical configuration 

D

h L 
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𝜌𝑛𝑓 = (1 − ∅)𝜌𝑓 + ∅𝜌𝑝                                                   (6) 

𝐶𝑝𝑛𝑓 =
(1 − ∅)(𝜌𝐶𝑝)𝑓 + ∅(𝜌𝐶𝑝)𝑝

(1 − ∅)𝜌𝑓 + ∅𝜌𝑝
                                       (7) 

knf = (
kp + (n − 1)kb − (n − 1)(kb − kp)Ф

kp − (n − 1)kb + (kb − kp)Ф
) 𝑘𝑓         (8) 

μnf = (1 − Ф )
2.5
𝜇𝑓                                                                   (9) 

The source terms (𝑆𝑚  𝑎𝑛𝑑 𝑆𝑒) in the equations (2 and 3) represent the momentum and energy transfer between 

the fluid and particles respectively [24,25]: 

Momentum source term, 𝑆𝑚, can be calculated from momentum exchange between the phases as particles are 

moving through an element of the Eulerian phase of the base fluid with volume of 𝛿𝑉. The Eulerian cell should 

be larger than the particles which in the case of nano particles there is no concern about this [26]: 

𝑆𝑚 =∑
𝑚𝑝

𝛿𝑉
𝑛𝑝

𝑑𝑉⃑ 𝑝

𝑑𝑡
                                                                        (10) 

The 𝐹  in Eq. (4) is comprised of body forces and various hydrodynamic forces, which includes the effects of 

gravity, drag force, Saffman’s lift force, thermophoretic force and Brownian force [27].  

𝐹 = 𝐹 𝐺 + 𝐹 𝐷 + 𝐹 𝐿 + 𝐹 𝑇 + 𝐹 𝐵 = 𝑚𝑝

𝑑𝑉⃑ 𝑝

𝑑𝑡
                              (11) 

Where: (𝑉⃑ 𝑝 = 𝑑𝑋𝑝/𝑑𝑡) and (𝑋𝑝) are the velocity and location of the particle respectively. 

In this study, the Nano-particulate suspension was forced inside the channel of a volumetric reciever then the 

drag force considered only, The drag force on the particle (𝐹𝐷) 𝑖𝑠 [28]: 

𝐹𝐷 =
18𝜇

𝜌𝑝𝑑𝑝
2𝐶𝑐

 (𝑉⃑ − 𝑉⃑ 𝑝)                                                             (12) 

Where (𝐶𝑐) is the Cunningham correction factor, which is used for non continuum effects when calculating the 

drag on small particles. The deviation of Stocks law (It is used to calculate the drag force on small particles and 

it assumes no-slip condition) which is no longer correct at high Knudson number (the ratio of the molecular 

mean free path length to a representative physical length scale this could be for example the radius of a body in 

fluid). The Cunningham correction factor can be written as following [29]: 

𝐶𝑐 = 1 +
2𝛾𝑚𝑝

𝑑𝑝
(1.257 + 0.4𝑒−(1.1𝑑𝑝/2𝛾𝑚𝑝))                      (13) 

Where (𝛾𝑚𝑝) is the molecular mean free path: 

𝛾𝑚𝑝 =
𝑘𝑏𝑇

√2𝜋𝜎2𝑃
                                                                         (14) 
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In the definition of molecular mean free path, 𝑘𝑏 , 𝜎 and 𝑃 are Boltzmann Constant (𝑘𝑏 = 1.38066 × 10−23 𝐽/

𝐾), collision diameter of the molecules and fluid pressure. The collision diameter of the molecules can be written 

as: 

𝜎 = 𝜋𝑑𝑓
2                                                                                      (15) 

Where (𝑑𝑓) is the base fluid molecule equivalent diameter, can be written as following: 

𝑑𝑓 = 0.1(6𝑀/𝑁𝐴𝜋𝜌𝑓𝑇0)
1/3                                                   (16)   

Where (M) is the molar mass, (𝑁𝐴) is the Avogadro number= 6.022×1023, and (𝜌𝑓𝑇0) is the fluid density at 

reference temperature (𝑇0 = 293 𝐾).  

The energy source term (𝑆𝑒) would be the heat transfer between the phases [26]: 

𝑆𝑒 =∑
𝑚𝑝

𝛿𝑉
𝑛𝑝

𝐶𝑝𝑝

𝑑𝑇𝑝

𝑑𝑡
                                                            (17) 

Where: 

𝑚𝑝𝐶𝑝𝑝

𝑑𝑇𝑝

𝑑𝑡
= 𝑁𝑢𝑝 𝜋 𝑑𝑝 𝑘𝑓(𝑇 − 𝑇𝑝)                              (18) 

Where (𝑁𝑢𝑝) is the particle-fluid interaction Nusselt number and be calculated using the correlation of [29]: 

𝑁𝑢𝑝 =
ℎ𝑝𝑑𝑝

𝑘𝑓
= 2 + 0.6𝑅𝑒𝑝

0.5 𝑃𝑟𝑓
0.3                              (19) 

Where (𝑃𝑟𝑓) is the base fluid prandtl number (𝑃𝑟𝑓 = 𝐶𝑝𝑓𝜇𝑓/𝑘𝑓) and (𝑅𝑒𝑃) is the nanoparticle Reynolds number, 

(𝑅𝑒𝑝) is given by [30,31]: 

𝑅𝑒𝑝 =
2𝜌𝑓𝑘𝑏𝑇

𝜋𝜇𝑓
2𝑑𝑝

                                                               (20) 

In order to investigate the nanofluid flow behaviour, the flow parameters such as friction factor (Darcy friction 

factor) and pressure drop can be obtained by using the following equations. 

𝑓 =
8𝜏𝑤
𝜌𝑛𝑓𝑢𝑚

2
                                                                   (21) 

∆𝑝 = 𝑓
𝐿

𝐷ℎ

𝜌𝑛𝑓𝑢𝑚
2

2
                                                       (22) 

Where: (𝜏𝑤) is the wall shear stress, (𝑢𝑚) the nanofluid mean velocity at the inlet, (L and D) are the pipe length 

and diameter respectfully. 

In the term of the thermal performance, the average heat transfer coefficient and average Nusselt number can be 

estimated by using the following equations [32]: 
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ℎ̅𝑛𝑓 =
𝐶𝑝𝑛𝑓𝜌𝑛𝑓𝑢𝑚

2 𝐴(𝑇𝑏,0 − 𝑇𝑏,𝑖)

𝜋𝐷ℎ𝐿(𝑇𝑤 − 𝑇𝑏)𝑀
                              (23) 

𝑁𝑢̅̅ ̅̅ 𝑛𝑓 =
ℎ̅𝑛𝑓𝐷ℎ

𝑘𝑛𝑓
                                                             (24) 

Where: (ℎ̅𝑛𝑓) is the average heat transfer coefficient, (𝑁𝑢̅̅ ̅̅ 𝑛𝑓) is the average Nusselt number of the nanofluid, 

(𝑇𝑏,0 − 𝑇𝑏,𝑖) is the temperature difference between the nanofluid at the inlet and the outlet of the oscillating pipe, 

and (𝑇𝑤 − 𝑇𝑏)𝑀 is the mean temperature difference between the wall temperature and the nanofluid mean 

temperature.  

Th pumping power which is one of the important parameters in the area of pipes flow can be calculated as 

following [33]: 

𝑃𝑃 = 𝑉  ∆𝑝𝑡 =
𝑚  ∆𝑝𝑡
𝜌𝑛𝑓

                                            (25) 

Where (∆𝑝𝑡) is the total pressure difference between the inlet and outlet of the pipe, (𝑉 ) is the volumetric flow 

rate and (𝑚 ) is the mass flow rate. 

 

3. RESULTS AND DISCUSSION 
The Numerical simulation is carried out by using two-phase (Eulerian-Lagrangian discrete phase) model for 

TiO2-Water nanofluid flow inside a constant heat flux (20 kW/m2) oscillating pipe. Fig. (2) shows the velocity 

magnitude along the flow field inside the pipe, and Fig. (3) shows the velocity vectors along the flow field. 

These figures show the effect of the oscillation on the nanofluid velocity magnitudes and vectors, the nanofluid 

initial velocity was assumed (0.03 m/sec).    

 

 

 

 

 

 

 

 

 

 

Figure 2. Velocity magnitude distribution along the oscillating pipe (Ø=0.1 vol. %) and (Re=1030) 

 

Figure 3. Velocity magnitude distribution along the oscillating pipe (Ø=0.1vol. %) and (Re=1030) 
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Fig. (4) shows the nanoparticles motion inside the pipe, the dispersed nanoparticles in the base fluid could be 

shown be using the discrete phase (two-phase) model which offers the possibility of investigated the motion and 

the behaviour of the suspended nanoparticles in the base fluid rather than the single phase model. 

 

 

 

 

 

 

 

 

Fig. (5) shows the temperature distribution of the nanofluid along the pipe, the temperature of the nanofluid at 

the inlet was assumed (294 K). This figure represent the effect of the oscillating model on the temperature 

profile. 

 

 

 

 

 

 

Fig. (6) shows the temperature gain by the nanofluid inside the pipe which is the difference between the 

temperature in the outlet and the inlet faces. The results are taken for different nanoparticles volume fraction in 

addition to the pure water for different flow rates of the nanofluid. It represents the effect of increasing the 

nanoparticles concentration on the temperature gain which is reach the maximum value in the (Ø=0.5 vol.%) at 

lowest flow rate value. Fig. (7) shows the effect of increasing the nanofluid Reynolds number on the friction 

factor for different nanoparticles volume fraction in addition to the pure water. It is clear that the friction factor 

reach its minimum value in the case of pure water and high Reynolds number which is approximately equal to 

(0.121) 

Figure 4. Motion of dispersed nanoprticles in the base fluid inside the oscillating pipe (Ø=0.1vol. %) and (Re=1030) 

Figure 5. Temperature distribution along the oscillating pipe (Ø=0.1 vol. %) and (Re=1030) 
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. 

 

 
Fig. (8) shows the relation between the pressure drop and the Reynolds number for different volume fraction and 

pure water. The pressure drop reaches the maximum value in the case of volume fraction (Ø=0.5 vol.%) and in 

the Reynolds number equal to (2000) which is about (1.9 Pa). Fig. (9) shows the effect of the nanofluid Reynolds 

number (up to 2000) on the average Nusselt number 𝑁𝑢̅̅ ̅̅  for different nanoparticle concentration and for pure 

water. It can observed from the reslts the effect of increasing both Reynolds number and volume fraction on the 

average Nusselt number.  The results are compared with others from Yang et al. research [34], they investigated 

the thermal behavior of the nanofluid inside a oscillating square cross sectional channel with different oscillating 

channel amplitude (Amp.), Those results were taken for Al2O3/water and (Ø=0.3 vol.%). 

.  

 

 

 

 

 

 

 

Figure 6. Temperature gain by the nanofluid versus nanofluid 

flow rate values 

Figure 7. Friction factor  versus nanofluid Reynolds 

number 

 

Figure 8. Pressure drop versus nanofluid Reynolds 

number 

Figure 9. Average Nusselt number versus 

Reynolds number 
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Fig. (10) shows the relation between the average heat transfer coefficient (ℎ̅) and the 

Reynolds number for different nanoparticles volume fraction.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (11 and 12) show the thermal performance enhancement. Fig. (11) shows the average heat transfer 

coefficient ratio which is defined as the ratio of the nanofluid to base fluid average heat transfer coefficient, it 

represents that the maximum value of this ratio is about (1.45) in the Reynolds value (2000) and nanoparticles 

loading (Ø=0.5 vol.%). Fig. (12) shows the average Nusselt number ratio which is the ratio of the nanofluid to 

base fluid average Nusselt number, the results show that this ratio reaches it maximum value (about 1.35) in the 

Reynolds value (2000) and nanoparticles loading (Ø= Ø=0.5 vol.%). The presented work nusselt number 

enhancement results were compared with others from Ahmed et al. paper [35], these results were taken for 

numerical investigation for laminar copper–water nanofluid flow and heat transfer in a two-dimensional 

oscillating channel. The Reynolds number and nanoparticle volume fraction considered are in the ranges of 100–

800 and (0.1–0.5 vol.%) respectively as shown in fig. (12). The results show the different between nusselt 

number enhancement values between the oscillating channel and oscillating pipe.  

 

 

 

 

Figure 10. Average heat transfer coefficient versus Reynolds number 
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Fig. (13) represents the relation between the pumping power and the Reynolds number for different 

nanoparticles concentration (Ø=0.1-0.5 vol.%) in addition to the pure water. 

 

 

 

 

 

 

 

 

   

 

Figure 12. Average Nusselt number ratio versus 

Reynolds number 

Figure 11. Average heat ransfer ratio versus 

Reynolds number 

Figure 13. Pumping power versus nanofluid Reynolds number 
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4. CONCLUSION 
In this study, the laminar convective heat transfer and flow behaviour of TiO2 nanofluid inside a ocillating pipe 

subjected to constant heat flux is numerically investigated. the two-phase model was applied to taking into the 

consideration the interaction between the dispersed nanoparticles and base fluid molecules. Using oscillating 

pipe to thermal performance enhancement methode is an inexpensive and suitable way. Ocillating pipe prevent 

the development of flow inside it by disturbing the flow field and boundary layer, also it improves the mixing of 

higher and lower temperature flows which leads to enhance the heat transfer. 

The contribution of dispersed nanoparticles in the base fluid on the thermal performance enhancement is carried 

out for different nanoparticles loading. The better thermal performance may be cased by the chaotic movement 

of the nanoparticles in the base fluid. The results show the average Nusselt number an heat transfer coefficient 

enhancement as a result of nanoparticles loading, but tacking into the consideration the required pumping power. 

Also, it is found that the nanoparticles in a low volume fraction has no significant effect on the friction 

coefficient.  
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